Quantumness of Josephson junctions reexamined by Alicki, Robert
ar
X
iv
:q
ua
nt
-p
h/
06
10
00
8v
4 
 1
6 
Ju
n 
20
07
Quantumness of Josephson juntions reexamined.
Robert Aliki
Institute of Theoretial Physis and Astrophysis, University of Gda«sk, Wita Stwosza 57, PL 80-952 Gda«sk, Poland
August 16, 2018
Abstrat
There exists an inreasing evidene supporting the piture of the Josephson juntion (JJ) as a "marosopi
quantum system". On the other hand the interpretation of experimental data strongly depends on the assumed
theoretial model. We analyse the possible states of a Cooper pair box ("harge qubit") for the two types of
models : two-mode Bose-Hubbard model with its large N aproximations and the many-body desription within
the mean-eld approximation (Gross-Pitaevski equation). While the rst lass of models supports the piture of
JJ being a quantum subsystem of a single degree of freedom, the seond approah yields an essentially lassial
struture of aessible quantum states whih, in partiular, implies the absene of entanglement for two oupled
JJ's. The arguments in favor of the mean-eld theory are presented and dierent experimental tests inluding a
new proposal are briey disussed.
1 Introdution
The ontroversy onerning the lassial or quantum harater of the Josephson juntion (JJ) has a long history.
In the reent years the piture of JJ as a "marosopi quantum system"[1℄ prevails and even more, JJ tehnology
is onsidered to be a very promissing implementation of quantum information proessing [2℄,[3℄. The experimental
demonstration of "quantum superpositions" of states for a single JJ [4℄, spetrosopi evidene of oupling between
two suh devies [5℄ and nally the very reent "measurement of the entanglement of two superonduting qubits
via state tomography" [6℄ seem to strongly support this point of view. However, some new theoretial arguments
in favor of the opposite view - "JJ is essentially a lassial system"- appeared also [7℄.
The aim of this paper is to analyse arefully the dierent mathematial models of JJ using the so-alled Cooper
pair box (CPB) as a onrete example. We begin with the two-mode Bose-Hubbard model and show its equivalene,
for a large number of Cooper pairs N , to another one - the quantum-phase model with proper boundary onditions.
These two models essentially support the "naive" piture of quantisation of a nonlinear superonduting iruit
whih leads to a quantum nonlinear osillator (quantum pendulum model) [8℄. Lowest lying two energy eigenstates
of suh a system yield a qubit in the standard approah.
Then a mean-eld many-body theory based on the Gross-Pitaevski equation is applied to a single CPB and two
oupled CPB's. The obtained struture of the aessible many-partile states is shown to be ompletely dierent
from the predited by the previous theories. A single CPB annot support a qubit and the oupling between
two CPB's introdues lassial orrelations instead of quantum entanglement. Stritly speaking the amount of
entanglement an be of the order of 1/N , only.
To ompare both approahes a new Hamiltonian obtained as a large N limit of the two-mode Bose-Hubbard
model is derived. This Hamiltonian desribes a ertain nonlinear osillator model with oherent vetors in a deep
semilassial regime diretly orresponding to quantum states of the mean-eld model. It is argued that only those
oherents states an be observed in experiments in ontrast to unstable eigenvetors of the Hamiltonian.
Finally, the alternative interpretations of a number of existing experimental tests and the proposal for a new
one are briey disussed.
2 The theories of Cooper pair box
We onsider a simplied model of JJ assuming that Cooper pairs an be treated as a bosoni gas below the
ritial temperature of Bose-Einstein ondensation. We have two eletrodes made of a superonduting material
separated by a thin layer of an insulator whih allows for tunneling of Cooper pairs. In order to onstrut a
superonduting qubit one tries to suppress the tunelling of many Cooper pairs by using the iruit onsisting of a
1
small superonduting island "1" onneted via JJ to a large superonduting reservoir "2". Coulomb interation
between Cooper pairs in a small eletrode beome important and must be taken into aount in the Hamiltonian.
2.1 Two-mode Bose-Hubbard model
The annihilation and reation operators aˆ1, aˆ
†
1 and aˆ2, aˆ
†
2 orrespond to the ground states of a boson (Cooper pair)
in separated eletrodes "1" and "2", respetively. Coulomb interation between Cooper pairs in a small eletrode
is modelled by the quadrati term in the Hamiltonian below. The seond term ontains the potentials of the both
eletrodes and the term proportional to K desribes the tunneling of Cooper pairs
Hˆ2mod = EC(aˆ
†
1aˆ1)
2 +
1
2
(U1aˆ
†
1aˆ1 + U2aˆ
†
2aˆ2)−K(aˆ1aˆ†2 + aˆ†1aˆ2) . (1)
The total number of bosons if xed and equal to N , hene we should onsider the restrition Hˆ ′2mod of the Hamil-
tonian (1) to the N + 1-dimensional Hilbert subspae of physial states spanned by the orthonormal basis
|k〉 = [k!(N − k)!]−1/2(aˆ†1)k(aˆ†2)(N−k)|vac〉 . (2)
Hˆ ′2mod is dened as follows (we omit an irrelevant onstant and use the onvention |N + 1〉 = | − 1〉 = 0)
Hˆ ′2mod|k〉 =
[
EC(k − n¯1)2
]|k〉 −K√k(N − k)(|k + 1〉+ |k − 1〉) , k = 0, 1, ..., N. (3)
where U = U2 − U1 and n¯1 = U/4EC is an averaged number of Cooper pairs on the island orresponding to a
stationary referene state. As we are interested in the low lying energy eigenstates we an replae in the seond
term K
√
k(N − k) by K
√
n¯1(N − n¯1) ≡ EJ . Therefore, the nal form, whih an be alled the Bose-Hubbard
Hamiltonian, reads
HˆB−H |k〉 =
[
EC(k − n¯1)2
]|k〉 − EJ (|k + 1〉+ |k − 1〉) , k = 0, 1, ..., N. (4)
with the onvention |N +1〉 = |0〉, |− 1〉 = |N〉. This Hamiltonian an be interpreted as desribing a partile with a
disretized position k in a harmoni potential loated around k = n¯1 and a hopping term modelling its free motion.
2.2 From two-mode to quantum phase model
The standard piture of the CPB an be obtained from the Hamiltonian (1) treating the operators aˆ1, aˆ2 as lassial
variables a1, a2 and using the following parametrization
n1 = a
∗
1a1, n2 = a
∗
2a2, a1 =
√
n1e
iθ1 , a2 =
√
n2e
iθ2 , θ2 − θ1 = θ, n1 + n2 = N, (5)
whih, under the ondition |n1 − n¯1| << n¯1, yields the Hamiltonian (up to an irrelevant onstant)
H = EC(n1 − n¯1)2 − EJ cos θ . (6)
The next step in this rather "naive" approah is to "requantize" the variables n1, θ assuming the following anonial
ommutation relations
[nˆ1, θˆ] = i , (7)
and to onsider the properties of the "quantum nonlinear osillator" with the Hamiltonian
Hˆ = EC ξˆ
2 − EJ cos θˆ , (8)
where ξˆ = nˆ1 − n¯1 is a "momentum" operator onjugate to θˆ. The two lowest lying eigenstates of Hˆ , whih are
automatially orthogonal, are supposed to provide the superonduting implementation of a qubit.
A more subtle and mathematially sound approah starts with the Hamiltonian (4) and treats the basis |k〉 as a
subset |k〉 ≡ (1/√2π)ei(k−n¯1)θ; k = 0, 1, ...N of the (rotated by e−in¯1θ) Fourier basis in the quantum rotator Hilbert
spae L2[−π, π]. Assume that n¯1 is a natural number. Then on the subspae of wave funtions f(θ) spanned by
these partiular basis elements
f(θ) =
N∑
k=0
cke
i(k−n¯1)θ =
N−n¯1∑
k=−n¯1
ck+n¯1e
ikθ , ck ∈ C (9)
2
the ation of the operator HˆB−H is equivalent to the ation of the following dierential operator
Hˆqphf(θ) = −EC ∂
2
∂θ2
f(θ)− EJ cos θf(θ) (10)
with the periodi boundary ondition f(π) = f(−π). Then we treat the operator Hˆqph extended to the whole Hilbert
spae L2[−π, π] as a good approximation to the original Hamiltonian (4). This is, indeed, a reasonable proedure
beause N >> n¯1 and n¯1 is at least of the order of 10
8
. Hene, the restrition to a nite sum in (9) beomes
irrelevant at least for the interesting low energy regime. We an ontinuously hange the potential dierene U to
produe a ontinuous hange of the parameter n¯1 = U/4EC beyond the natural numbers. This disagrees with the
neessary periodiity of the funtions (9) from the domain of the Hamiltonian Hˆqph. Suh a generi situation leads
to the slightly modied Hamiltonian (a = n¯1 − integer part[n¯1])
Hˆqphf(θ) = −EC
[ ∂
∂θ
− ia
]2
f(θ)− EJ cos θf(θ) . (11)
2.3 Mean-eld many partile model
The fundamental property of the Bose-Einstein ondensate is the form of its time-dependent N-boson wave funtion
Ψ(t) (i.e. the true quantum state of the system) whih is approximately given by a tensor produt of the idential
single-boson wave funtions ψ(t) [9℄
Ψ(t) =
⊗
N
ψ(t) . (12)
One should notie that the set of ondensate's wave funtions does not form a linear subspae in the Hilbert spae
of the N-partile system.
There are numerous arguments, inluding theorems in mathematial physis [10℄,[11℄ that for weakly interating
Bose gas the initial produt state evolves approximately into the produt state (12) suh that the single-partile wave
funtion ψ(t) satises the Gross-Pitaevski equation whih is a nonlinear Shrödinger equation with a ubi term
modelling boson-boson interation [13℄. It implies immediately that the wave funtion ψ(t) does not orrespond
to a quantum state of any subsystem and the superposition priniple for ψ(t) is valid only approximatively, due
to nonlinearity. Hene, ψ(t) is rather a lassial objet: the order parameter labelling dierent thermodynamial
phases of the system below the ritial temperature.
For our model the spatial dependene of the wave funtion ψ is irrelevant and therefore we represent ψ by the two
omplex amplitudes ψ = (ψ1, ψ2) orresponding to the eletrodes "1" and "2", respetively. They satisfy a disrete
version of the Gross-Pitaevski equation whih, for the onveniene, is formulated in terms of the renormalized wave
funtion φ =
√
Nψ [12℄
φ˙1 = −i(U1 + g|φ1|2)φ1 − iKφ2
φ˙2 = −iU2φ2 − iKφ1 (13)
with |φ1|2 + |φ2|2 = N . The term proportional to g desribes Coulomb interation of Cooper pairs in the rst
eletrode in the mean-eld approximation.
Introduing the following parametrization
φj = qj + ipj =
√
nje
iθj , j = 1, 2 (14)
one an easily hek that the equations (13) an be written as the Hamiltonian equations for the system of 2-degrees
of freedom governed by the lassial Hamiltonian
h2(q1, q2, p1, p2) =
U1 − U2
2
(p21 + q
2
1) +
g
4
(p21 + q
2
1)
2 −K(p1p2 + q1q2) + U2
2
(p21 + q
2
1 + p
2
2 + q
2
2) . (15)
The system of above is integrable beause of the existene of the onstant of motion ‖φ‖2 = (p21+ q21+p22+ q22) = N .
We an restrit ourselves to a deoupled, single degree of freedom subsystem parametrized by θ = θ2 − θ1 and n1
(14) with the Hamiltonian funtion
h1(θ, n1) =
g
4
(n1 − U
g
)2 −K
√
n1(N − n1) cos θ (16)
3
where U = U2 − U1. Again, in the regime |n1 − n¯1| << n¯1 the Hamiltonian (16) oinides with the semilassial
limit (6) of the 2-mode Hamiltonian (1) if g/4 = EC , n¯1 = U/g and K
√
n¯1(N − n¯1) = EJ . We an solve the
orresponding Hamiltonian equation to obtain a trajetory (θ(t), ξ(t)) with the "momentum" ξ(t) = n1(t) − n¯1.
Taking into aount that ξ(t) is at most of the order
√
EJ/EC and eliminating the irrelevant ommon phase fator
we an use the following approximation for φ = (φ1, φ2)
φ1(t) =
√
n¯1 + ξ(t)e
−iθ(t) ≃ e−iθ(t)
[√
n¯1 + ξ(t)
(
2
√
(N − n¯1)n¯1
)−1√
N − n¯1
]
φ2(t) =
√
N − n¯1 − ξ(t) ≃
[√
N − n¯1 − ξ(t)
(
2
√
(N − n¯1)n¯1
)−1√
n¯1
]
. (17)
Now, the normalized to one single boson wave funtion ψ = N−1/2φ an be written as the superposition of two
orthonormal vetors rotated by the unitary W
ψ(t) = W (θ(t))
[
χ0 + ξ(t)
(
2
√
(N − n¯1)n¯1
)−1
χ1
]
(18)
where
W (θ) = diag(e−iθ, 1) , χ0 = N−1/2
(√
n¯1,
√
N − n¯1
)
, χ1 = N
−1/2
(√
N − n¯1,−
√
n¯1
)
. (19)
One should notie that the amplitude of the vetor χ1 is saled down by the fator (2
√
(N − n¯1)n¯1)−1 << 1 and
hene the normalization of ψ(t) is preserved up to the higher order terms.
We an reonstrut now the quantum state Ψ(t) desribing the ondensate in the mean-eld approximation
keeping the lowest order orretion of the order 1/
√
n¯1
Ψ(t) = W(θ(t))
[
Φ0 + ξ(t)
√
N
(
2
√
(N − n¯1)n¯1
)−1
Φ1
]
(20)
where
W(θ) =
⊗
N
W (θ) , Φ0 =
⊗
N
χ0 , Φ1 =
1√
N
N∑
j=1
χ0 ⊗ ...⊗ χ0 ⊗ χ1︸︷︷︸
j−th
⊗χ0 ⊗ ...⊗ χ0 . (21)
One should notie that the state Φ1 does not desribe the ondensate but the states of the form Φ0 + ǫΦ1 do,
up to the order ∼ ǫ2. It is rather lear that the obtained 2-dimensional manifold of the available states does not
ontain the manifold spanned by the qubit states of the form α|0〉+ β|1〉 with |α|2 + |β|2 = 1. Another equivalent
interpretation of the produt states (12) in terms of oherent vetors will be presented in Setion 4.
3 Phenomenology of the mean-eld model
The experiments performed on the dierent types of "JJ qubits" are usually analysed in terms of the standard
quantum-phase model. The question arises whether the phenomenology of JJ an be also onsistently explained
within the many-partile mean-eld model.
3.1 Single Cooper pair box
The quantum state of the ontrolled single CPB is desribed by the formula (20)(21) with θ(t), ξ(t) being the
solutions of the lassial Hamiltonian equations obtained for the Hamiltonian (16) with a generally time-dependent
U(t) given by
U(t) = U + u(t) . (22)
Here U is a onstant potential inluding the onstant external voltage and the interation of Cooper pairs with
the bakground positive harges. The term u(t) desribes external ontrol usually in the form of pulses or periodi
perturbations. Therefore the eetive lassial Hamiltonian an be written as
h(θ, ξ; t) = ECξ
2 − u(t)ξ − EJ cos θ . (23)
Starting with the stationary stateΨ(0, 0) and applying a relatively weak pulse u(t)we an exite the small osillations
of θ(t) and ξ(t) with the plasma frequeny ω0 ≃
√
2ECEJ . From the form of the quantum state (17) it follows
that the exess harge on the eletrode "1" is equal to 2eξ(t) and hene osillates with the same frequeny emitting
an observable radiation. A stronger pulse inreases the " kineti energy" ECξ
2
above the "potential barier" 2EJ
leading to a dierent regime of the dynamis. Applying a periodi eld one an reate a variety of resonanse
phenomena and even haoti behavior.
4
3.2 Two oupled CPB's
The oupling of two CPB's an be realized by the eletromagneti interation between the osillating harges of the
eletrode "1" of the rst CPB and the eletrode "1'" of the seond CPB whih in the Gross-Pitaevski equations
of below is desribed by the terms proportional to G. The oupled equations for the two wave funtions of the
ondensate φ, φ′ read
φ˙1 = −i(U1 + g|φ1|2 +G|φ′1|2)φ1 − iKφ2
φ˙2 = −iU2φ2 − iKφ1
φ˙′1 = −i(U ′1 + g′|φ′1|2 +G|φ1|2)φ′1 − iK ′φ′2
φ˙′2 = −iU ′2φ′2 − iK ′φ′1 . (24)
By the proedure, ompletely analogial to a single CPB ase, one an obtain the eetive Hamiltonian for two
degrees of freedom desribed by two angles θ, θ′ and momenta ξ, ξ′
h(θ, θ′, ξ, ξ′) = ECξ2 − EJ cos θ + E′Cξ′2 − E′J cos θ′ +
G
2
ξξ′ . (25)
Here, analogially to a single CPB ase: U = U2−U1 , U ′ = U ′2−U ′1, ξ = n1−n¯1, ξ′ = n′1−n¯′1, EC = g/4, E′C = g′/4,
EJ = K
√
(N − n¯1)n¯1, E′J = K ′
√
(N ′ − n¯′1)n¯′1 and n¯1, n¯′1 are solutions of the equations U = gn¯1 + Gn¯′1, U ′ =
g′n¯′1 +Gn¯1.
Solving the Hamiltonian equations for the oupled nonlinear osillators with possible external ontrol we obtain a
lassial trajetory {θ(t), θ′(t), ξ(t), ξ′(t)} whih denes the evolution of a quantum state of the oupled two CPB's.
This state is a tensor produt of quantum states for separate CPB's, eah of them given by (20)
Ψ(θ, θ′, ξ, ξ′) = Ψ(θ, ξ)⊗Ψ(θ′, ξ′) . (26)
Therefore, it is not possible to produe entangled states within this model. A small amount of entanglement of the
order 1/N , whih is allowed aording to [7℄, is well-plaed within the auray limits of the mean-eld approah.
Obviously, the quantum states of the two JJ's are lassially orrelated by the oupling of the lassial parameters
θ, ξ and θ′, ξ′.
4 Comparison of the models
We have obtained two physially dierent pitures of the CPB. Aording to the rst one we an observe and
manipulate lowest lying states and their superpositions for the well-dened quantum system equivalent to the
quantum pendulum. The seond one implies that the aessible states form a nonlinear manifold parametrized by
the essentially lassial variables satisfying lassial equations of motion. To ompare both approahes we represent
the produt state (12) in terms of the basis |k〉 introdued in (2)
|Ψ〉 =
(
e−iθ
√
n1
N
aˆ†1 +
√
1− n1
N
aˆ†2
)N
|vac〉 =
N∑
k=0
[(
N
k
)(n1
N
)k(
1− n1
N
)N−k] 12
e−ikθ|k〉 . (27)
Replaing now the square root of the binomial distribution in (27) by the square root of the Poisson one (what is
onsistent with the assumption N >> n1) we an treat the states |k〉 as the eigenstates of bˆ†bˆ for a ertain titious
nonlinear osillator and the produt state (27) beomes the oherent vetor
|Ψ〉 ≃
∞∑
k=0
√
n1
k
√
k!
e−
n1
2 e−ikθ |k〉 ≡ |√n1e−iθ〉 (28)
where
bˆ|√n1e−iθ〉 = √n1e−iθ|√n1e−iθ〉 . (29)
Using now the identities
aˆ†1aˆ2|k〉 =
√
N − k bˆ†|k〉 , aˆ†2aˆ1|k〉 =
√
N − k + 1 bˆ|k〉 (30)
and the fat that the relevant states are spanned by the vetors |k〉 with k ≃ n¯1 we an approximate the Hamiltonian
(1) by a new one
Hˆ2mod ≃ Hˆb = EC(bˆ†bˆ− n¯1)2 − EJ√
n¯1
(bˆ + bˆ†) . (31)
5
Here again we obtain the Hamiltonian whih in the semilassial limit yields the same equations of motion as
(6). In ontrast to the previous approximative Hamiltonians (4)(8), where the large values of the quantum number
k are hidden by applying the shift k 7→ k − n¯1, here it is lear that the lowest eigenstates of Hˆb are plaed in a
deep semilassial regime orresponding to the quantum numbers (eigenvalues of bˆ†bˆ) of the order of n¯1 ≃ 108.
Therefore, we should not expet to observe in experiments the true eigenstates of the Hamiltonian Hˆb but rather
loalized "lassial" states desribed by the oherent vetors (28) evolving (approximately) aording to the lassial
Hamiltonian equations (see the next Setion). The striking dierene between the Hamiltonian eigenstates and the
oherent vetors onerns the utuations of the Cooper pair number n1 and the phase dierene θ. For the
eigenstates both utuations are of the order O(1) while for the oherent states we have normal utuations of n1
of the order
√
n1 and for the phase θ of the order of
1√
n1
. The later behavior is onsistent with the fat that θ is
an essentially lassial variable  the order parameter for the Bose-Einstein ondensation of Cooper pairs.
5 Stability of lassial states
The reasons for a "spontaneous transition to the lassial world" in the regime of large quantum numbers have
been extensively disussed sine the famous "Shrödinger Cat Paradox" [14℄. Namely, the quantum states of large
systems an be observed only if they are suiently stable with respet to the interation with an environment. For
large enough systems the stable states are desribed rather by the strongly loalized symmetry-breaking solutions of
the nonlinear mean-eld type equations (e.g. Hartree/Hartree-Fok eqs., Born-Oppenheimer approximation) than
by the eigenvetors of the exat Hamiltonians. This is for instane the ase of xed moleular struture for large
enough moleules (e.g. famous hiral moleules) or deformed nulei. For the similar reasons nonlinear mean-eld
Gross-Pitaevski equation should give a proper desriptions of the observable states of N Cooper pairs in ontrast
to the eigenvetors of the isolated system Hamiltonians (1), (3), (4), (8), or (31).
The omplete analysis of the stability of the models given by (1) and (31) will be presented in the forthomming
paper. Here we disuss briey the model (31) assuming that the main soure of instability is the transition of bosons
from the ondensate to other "normal" modes and bak. This eet an be modelled by adding the dissipative part
to the equation of motion for the density matrix of the osillator
d
dt
ρˆ = −i[Hˆb, ρˆ] + L(ρˆ) , (32)
L(ρˆ) =
1
2
γ([bˆρˆ, bˆ†] + [bˆ, ρˆbˆ†]) +
1
2
δ([bˆ†ρˆ, bˆ] + [bˆ†, ρˆbˆ]) . (33)
A simple measure of stability of a pure state |φ〉 is given by the initial deay rate of delity due to the dissipative
part of the dynamis
Γ(|φ〉) = −〈φ|L(|φ〉〈φ|)|φ〉 = (γ + δ)(〈φ|bˆ† bˆ|φ〉 − |〈φ|bˆ|φ〉|2) + δ . (34)
The deay rate is minimal and equal to δ for the states satisfying the eigenvetor ondition bˆ|φ〉 = α|φ〉 i.e. for
the oherent vetors (29). The Fok vetors |k〉 deay with the rates Γ(|k〉) = (γ + δ)k + δ what means that the
life-time of the low lying states of (31) whih are supposed to support "superonduting qubit" is about n¯1 ∼ 108
times shorter than the life-time of lassial oherent states. Therefore, the states observed in experiments should
be desribed by mixtures of oherent vetors.
6 Comparison with experiments
We disuss now briey several, already performed experimental tests aimed to justify the piture of superonduting
qubits.
Coherent osillations. The harge osillations for CPB have been onrmed for the rst time in [4℄. The mean-
eld model predits small osillations with the plasma frequeny ω0 =
√
2ECEJ while for the harge qubit model
the frequeny is a more ompliated funtion of EC , EJ and the applied voltage U [3℄. It is not lear whether this
dierene an be tested experimentally as it seems that no independent measurements of EC and EJ are available
and moreover JJ's parameters are subjet to time-dependent utuations [2℄.
Transmissivity of CPB. The interesting experiment [15℄ shows the existene of two distint states of CPB
orrelated with two values of transmissivity for CPB onneted to a single eletron transistor. However, lassial
osillator shows also a "two state struture" desribed by the (averaged in time) probability distribution for its
anonial variables - p(x) = 1pi (1− x2)−1/2 ( amplitude = 1) - with two innite maxima at ±1.
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Partile number utuations. It seems that the large utuations (∼ √n1) of the Cooper pair number predited
by the mean-eld theory ontradit the experimentally proved preise ontrol of n1 [16℄. However, this experiment
has been performed with the superonduting-normal juntion. Therefore, Cooper pairs exist on the superondut-
ing island only and the normal eletrode ats as a heat baths. It follows, that in this experimental setting the state
of Cooper pairs is given by the Gibbs density matrix
ρˆ = Z−1 exp
{
−EC
kT
(aˆ†1aˆ1 − n¯1)2
}
(35)
whih at low temperatures (kT < EC) exhibits, indeed, very small utuations of aˆ
†
1aˆ1.
Rabi osillations, Ramsey fringes. The observation of Rabi osillations and the assoiated Ramsey fringes are
easily and elegantly desribed by JJ-qubit models [3℄. On the other hand , as shown in [17℄,[18℄,[19℄, the experimental
data an be attributed to lassial nonlinear dynamis and statistis as well.
Entanglement via state tomography. The experimental data for two oupled urrent-biased JJ's has been analysed
in terms of the "state tomography of two phase qubits" [6℄. Here again the analysis is strongly model-dependent
and does not exlude the alternative interpretation in terms of oupled nonlinear osillators.
7 A new test of quantumness
The presented above experimental tests, although quite onvining, are not ultimate beause of their strong model-
dependene. Model independent Bell inequalities are often proposed as an ultimate test of quantumness. In the
ase of oupled JJ's the orresponding experiments are still to be done. Unfortunately, even a positive result -
violation of Bell inequalities - an be hallenged beause of the strong presene of the "loality loophole" in this
setting. Namely, in ontrast to experiments involving photons we are not able to separate JJ's after the at of
interation. Another interesting possibility is to test Bell inequalities for multi-time orrelations in a single system
as proposed in [20℄.
Reently, a new model-independent test of quantumness appliable to a single system has been proposed [21℄.
Assume that the CPB is indeed a two-level system. Then we an hoose the following observables A and B given
in a xed basis by the following matries:
A =
(
0.724 0.249
0.249 0.0854
)
, B =
(
1 0
0 0.309
)
(36)
It is easy to hek that for an arbitrary state ψ the following inequalities hold
0 ≤ 〈ψ|A|ψ〉 ≤ 〈ψ|B|ψ〉. (37)
On the other hand for a speially hoosen state φ =
(
0.391
0.920
)
we obtain : < φ|B2|φ > − < φ|A2|φ >= −0.0590. This
learly demonstrates the quantum nature of the qubit beause, for any lassial model representing the observables
A,B by the funtions on a ertain "phase spae" and states by the probability measures, if the inequality 0 ≤ 〈A〉 ≤
〈B〉 holds for all probability measures then always 0 ≤ 〈A2〉 ≤ 〈B2〉.
8 Conlusions
The large body of experimental results whih an be easily and elegantly interpreted in terms of superonduting
qubits suggests to aept the quantumness of Josephson juntions. On the other hand, as disussed above, the idea
of "marosopi quantum system" applied to N-partile systems with N of the order of 108 deeply ontradits our
understanding of their quantum and statistial properties. In partiular, it is generally believed and experimentally
onrmed in hemistry, nulear physis , quantum optis and physis of ritial phenomena that already for muh
lower partile numbers or quantum numbers, the eigenvetors of the Hamiltonians are highly unstable with respet
to the interation with an enviroment. As a onsequene, the observed quantum states are perfetly desribed by
the stable loalised symmetry breaking solutions of the non-linear mean-eld type equations. These solutions satisfy
lassial equations of motion with additional damping terms. The system of 2N eletrons in a superonduting state
seems to be ideally suited for the mean-eld desription in terms of the Gross-Pitaevski or rather the Ginzburg-
Landau equations. Therefore, it is still neessary to disuss alternative interpretations of existing experiments and
searh for new ones until lear evidene to quantum or lassial harater of JJ's beomes available. The proposal
of suh an ultimate experiment is disussed in this paper.
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